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1 � � � � � � � �
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2 � � ��� � ��� 	
 [�� �  �
���� (characteristics) O�� @ { l < R L ".$ 
 [#@ C���� ���� Cu���FO.�.� ¯ C > ³ /1� � ZS[X`9"�$q ����&% v�w Zq[��# q+D9{ @ ³���t  3y1z�] M!N < RK[9`&\nR´<, 3y1zS ��� C "�$34 O � J{"!�# ¯&-�[��¡ $� 
&% / !�# ¯&-1>�@'�1 ( ����(�) >�� ) � 
 [#`*,+�-  ?� �  /.Vyu%1032�Z![ OuC /¡\�\ ¯543637�8 (structural model)%:9V@<;�Z�`

x = µ+ αi + βj + γk + ε (1)

� x: *<+=- + D#{ l=< R�[>��?�p
� µ: y¡z� ��� O �3<�>�@ ��µ
� αi, βj, γk: ¤ R=@uRS �y1z A, B, C ] *<+A-  1� �FOCB�D Z3E�Fx%G Z
� ε: ����(�)

3 1 H I J K L M L N
1 O�P�Q  /03R�032 O�S [UT O /n@ ³V�Xt  /W3XS%UY�ZXZV[ ��[ ] 
 [,`

3.1 \^]`_^a
��� ���� �y¡z A % M3N / ¤  �b�c ( �� ) %X@Ad9@=d°� N.{"egf Z�[ .: ] 1 O�PhQ�: +UiHP�RK[X`Hy#zq ��h C k j + DX{ / ¤ R´<9% A1,

A2, · · ·, Ak
+�Z�[#`�y¡z A  ��� �] Ai

 �+.-1/:k�l�m (measured value)] ni j 
 [3+ D#{ / ¤ Rm<1% xij(j = 1, 2, · · · , ni)
+?Z�[9`

xij = µ+ αi + εij

i = 1, 2, · · · , k; j = 1, 2, · · · , ni (2)
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k
∑

i=1

niαi = 0 (3)

�
(3) CuG��V7�O µ %���� O1�V� [ ��[ % G D¡{ @';^Z�`(a N.E G 1  �	� / µ %�
 8VO 20 O#�F� [H+ (3) ]	� %�
 L >�@�`

b�c ���	�  µ ���	�
A1 1 15

A2 1 20

A3 3 17, 28, 30

G
1:

 [?"�$3¯.l < R L����	�

µ = 20 :
k

∑

i=1

niαi = 1×−5 + 1× 0 + 3× 5 = 10 (4)

D#tFD / µ %��	�S � (
G

1  �	� 22) O#�F� [H+¡/ (3) ]	� %�
 � `

µ = 22 :
k

∑

i=1

niαi = 1×−7 + 1×−2 + 3× 3 (5)

= −7 +−2 + 9 = 0 (6)

3.2 ��������������� ���
�

(2)  εij C�(�) % G Z"! i � µ ¯ 
 [#`&\ R Og� @ {!C$#  q\�+9%% � ZS[#`
� εij C$& @ O(' 
 ¯ 
 [#`
� εij C	)1�  �*,+g0.- N(0, σ2) O0/ ) ` (3.7 ¯21.33ZF[U0"Rg0"2 Ou��F[ F - � � ]�*�+�0�-&% [54 Z�[ )

3.3 687�9�: (central effect) ;=<>9�: (main effect)
�

(2)  µ, αi C,��µ +°ZF[1` µ C�?0@.A�B / αi C Ai O �X[�C A	B +�DE R�[#`
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3.4 9�:������
#  $�¡ $� ���xD ; D�� )Kb
� ���	�  µ  ���	 (the total number of measured values):

N =
k

∑

i=1

ni (7)

�gb�c Ai
 ���	�  �

� (the average measured value of state Ai):

x̄i. =
1

ni

ni
∑

j=1

xij (8)

�HZ�� {  Cb=cx �3�5�  �
�� (the average measured value of all

states):

x̄.. =
1

N

k
∑

i=1

ni
∑

j=1

xij (9)

=
1

N

k
∑

i=1

nix̄i. (10)

(2) / (3) � % (8)  ���� � C

x̄i. = µ+ αi + ε̄i. (11)

¤�D#{ (10)  ���� � C

x̄.. = µ+ ε̄.. (12)

O >F[#` DuL ] J({ /'� D

µ̂ = x̄.., α̂i = x̄i. − µ̂, i = 1, · · · , k (13)
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% ¤ R�@�R µ,αi
 �� � p½+ �F� R E /x\ R=<, ���� � C
µ̂ = µ+ ε̄.., α̂i = αi + ε̄i. − ε̄.. (14)

+,> % /x\nR < C������ l�� (unbiased estimator)(3.3 (p. 78) %���	 )¯ 
 [!\�+£]�0 t [#`\ Rm<( �0gR C (15) O >F[#` ¤  �
,Z C \�\£¯
��� D ;°Z�`

V (µ̂) =
σ2

N
, V (α̂i) =

(N/ni − 1)σ2

N
, i = 1, · · · , k (15)

3.5 ����� (Sum of squares)

y?z A  ������ (sum of squares) C SA
+���-¡/������!� �"! � ��#%$�&

SA =
k

∑

i=1

ni
∑

j=1

α̂2

i (16)

=
k

∑

i=1

ni(x̄i. − x̄..)
2 (17)

'�( !*) +�,.- *<+=-0/21 ��
�3�	54

ST =
k

∑

i=1

ni
∑

j=1

(xij − x̄..)
2 (18)

6 #7&98;: -

ε̂ij = xij − µ̂− α̂i (19)

= xij − x̄i. (20)
<>=2?

(residual) @ D2A�B%- ' � 2 C 	

SE =
k

∑

i=1

ni
∑

j=1

ε̂2ij (21)

=
k

∑

i=1

ni
∑

j=1

(xij − x̄i.)
2 (22)
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ST , SA @ SE
������!���� ,.- # ���
	�B��
� 6 # 


ST = SA + SE (23)

� ,.- SA ����� SE
�����
� (expectation) 4��%� � � !�� $�&

E(SA) =
k

∑

i=1

niα
2

i + (k − 1)σ2, E(SE) = (N − k)σ2 (24)

3.6 ������� (unbiased variance)

SA
- SE �� 
!�"54��$# (&% σ2 ��'
(�)%!
� $ B�-+* ��'
( � ' @ <* (-,7( SA

- SE �/.�021 (degree of freedom)φA
- φE @43 A & � 865 -

φA = k − 1, φE = N − k (25)

SA
- SE < * �87�92: 6�;=< : % � <?>�@�ACB (unbiased variance)VA

-
VE @43 A &

VA =
SA
φA

, VE =
SE
φE

(26)

*�� # $.@ -

E(VA) =

∑

i niα
2
i

(k − 1)
+ σ2, E(VE) = σ2 (27)

@ � $�& E(VE) = σ2
6ED $GF&H - VE < % < , σ2 ��I
'�J @># (LK -' ( 4GMON
IO' @ � $ ' @ BQP F $�& + : B < ,�-SRQT σ2 �GIQ'QJ σ̂2

<
VE
!�'EU $ ' @ ! # $�& � 865 -

σ̂2 = VE (28)
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3.7 ������� (variance analysis)

P���P�� <�� � : U -��	� A ��

��� A1 · · ·Ak
B�������������!����<����/� �
�2-�� 865 

��� A1 · · ·Ak

B ��� # ��� α1 · · ·αk
B 0
6 D $�� �!�"

(null hypothesis)
<�# ' # $�&

H0 = α1 = · · · = αk = 0 (29)

H0
B
$+� H - VA @ VE 4 @ % !
* �? Q!O" B σ2 @ � $ B.- 	 (27) F8HP F5$ � �"! - H0 F=H&%('OF $�@*) ! VA

4�+-,/. � $1032 <54 � &76 <,.- H0 F H8%�'�F $�@1) !

F =
VA
VE

(30)

% +9,:. � $�&;3< 4>=@? # $ B5- H0
B�$ 6ED (LK - F 487�9?: (φA, φE)

� F - P�A< # $�&>B�C � ' @ F&H -��5� � ��!ED�F�G�H (significance level)α � #'.3O	2B�I H ( $ ' @ B
P F $�J@K � &
L F > F φA

φE
(α) � H - H0

<	M ' # $�&
L F < F φA

φE
(α) � H - H0

<�N�O # $�&
B�C ��P�� < + K + K - ACB�A�P(Q (variance analysis table) @G3 K (
$�R 2 � � � �>S 6 8
@ U ,UTV. ' @ B�W � &
��� X�3UY 7�9 : M���P�� F " F - P�A % Z
A SA φA = k − 1 VA = SA/φA VA/VE F φA

φE
(α)[�\

SE φE = N − k VE = SE/φE]
ST φT = N − 1

R 2: 1 ^U_�` P���P�� R
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3.8 ��������	� @ +�,�

����� 5.2.3(p. 164)
<�� 5 C�� $�&�����	�

H0 
 4 ���	��� \ BL��� &
 "!$#�%

µ̂ =
335.5

20
= 16.775& #�%

α̂1 =
84.3

5
− 16.775 = 16.86− 16.775 = 0.085

α̂2 =
85.1

5
− 16.775 = 17.02− 16.775 = 0.245

α̂3 =
82

5
− 16.775 = 16.4− 16.775 = −0.375

α̂4 =
84.1

5
− 16.775 = 16.82− 16.775 = 0.045

SA = 5× (0.085)2 + 5× (0.245)2 + 5× (−0.375)2 + 5× (0.045)2

= 1.0495

SE = (16.7− 16.86)2 + (−0.06)2 + (0.44)2 + (−0.26)2 + (0.04)2

+ (16.8− 17.02)2 + (−0.52)2 + (0.48)2 + (−0.12)2 + (0.38)2

+ (16.0− 16.4)2 + (0.4)2 + 0 + (0.1)2 + (−0.1)2

+ (16.9− 16.82)2 + (−0.12)2 + (−0.02)2 + (0.38)2 + (−0.32)2

= 1.6404

��� X�3UY 7�9 : M�N�P�� F " F - P�A % Z
A 1.0495 3 0.3498 3.4122 < F 3

16
(0.01) = 5.292[�\

1.6404 16 0.1025]
2.69 19

F - " (3.4122) 4 F 3
16
(0.01) � 5(' � � � 6
)+*$,	-�. 0.01

6
H0

<�N�O/1032 @4� � 0�5 � 8�5 )6*	,�-�. 0.01
6

4 ���	��� \ B ��� @ �87 2
@4� � 0�59 F 9 ) F 3

16
(0.05) 4 3.24

6ED 0 � 6�)�*�,�-�. 0.05 �6:�; ) F - "�B
F 3

16
(0.05) � 5 + ,�� 5 6 <+<
)6*	,�-�. 0.05

6 F-K 7>= < H0

<	M ' 9
��?"@ K � H ��� 2 @4� � 065
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4 2 � � � � � � ���� � (sample characteristic) B
	�� � �	� A
)
B � ��� � @ 0 � 7 ��
� <

2 ^E_�` �
� @ � 7 5 �	� A � -�. < A1, A2, · · · , Ap

) �	� B � -. <
B1, B2, · · · , Bq @ 9 ) -�. ���$;�� (Ai, Bj) � % @ 6 ��� < r ��� 5� 9 ) * ��� '
" < xijk @ 9 � 7 5 k 4 � 5 � 9��
��� D 0�5 2 ��� B�C

� W ^�_(` �����! !"!#%$69 < )  �!	#�% ) & #�% ��& ��'�(*) � #�%� 0,+.- � #�%0/21
3 0 :�;!4 D 0�5
'�(*) � $ � 765!7 / � � < H�F � 9 � 7 5!- $ 3 K )�D 028:9�;!<�
2 =1��>*? ��@!A � � � / ��� � \ � )�B�C �D�FEHG - ��� 4 )�I�C�D�!� < , 5KJ < . 0 $ � 7 2 $ 4 9 K 9 K
L 2 065 2 ��:�; ) >�? $� 78�	� $ C : $ � 78�	� � � 'M(�) � 4 D 0
2 $ � � 0 5ON�- ) 2 =3�P M ��Q!R!S 4*T!) /10 $ )�U.VXW!Y ��Z:�\[2] � / 0M- U )
D N 5 EG - � V 4 )X^ Q � S:_ 4�T!) / 0 $a`*b �Xc @ 0 $ V 7 � 4 D 065 2

�":�; % )�W*Y $ V 77��� (
P V�W*Y $ UDV�W*Y $ V 7 -�. 4 D 0 ) $KS_d$ V 71��� � � '�(*) � 4 D 5 ) * � #�% 4!eDf�� P M � ��� /�g�30 2 $ � � 0�5

B�C � � 7 � 	!h � ��� A
)
B 4 D 0 $ , ) A � -�. 4!i!j " � � �/ #�% � \ 4 B ��k�� -�. � D 0 F
� � < <Ml � 0 :	; ) A $ B �$���� '�(*) � 4!m*n / 032 $ � � 065 2 � � 7 �Mo ZCF&H D 0 2 ��� ���

'
(*) � 4 D 0 F M F � ) �*� /10�p F&H )�q!r.s�)ut o s � P F 0 :;!4 W V � � D 0�52�2 �.� N # '*(!) � #�% 4 � V :�; � 2 ^�_�` P��-P(� /�1D3 0 5T � 2 �
v
w / '�(*) � #�% 4 D 0 :�;1� 2 ^�_(` P��CP�� v
w1�XxOy/10�5

4.1 z|{~}����������~�
R 5.6(p. 167)

� '
(�) � 4�� V :�; � 2 ^U_�` P���P�� R � D 0�5 R���*� @ <
V 0M�O�,��� � '*� � 5.3.1 � � (1)–(14) � T V�<-D 0�5��� � /M� <
�\� 7 5�
1(p.168):

L H0(A) :
��� A � 
��(� A1, A2, A3, A4 4 � � / ��� α1, α2, α3, α44 0

��� 0�5
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L H0(B) : � � B � 
�� � B1, B2, B3 4 � � / �(� β1, β2, β3 4 0
�

� 0�5
[ � ](p. 169) ����� ) H0(A) � H0(B) ���	� 9 � ?"@�
 �
� � V 5 9 -
4�� <
) A ) B ����� $ � *	,�� ����� � @ � V 5�����! 

5.3.A.3(p. 173)

"$# �&%�' v)( SE : ST = SA + SB + SE
SE = ST − SA − SB = 41.2− 14.6− 20.5 = 6.1

" A %+*!,.- φA : φA = p− 1 = 4− 1 = 3

" B %/*!,.- φB : φB = q − 1 = 3− 1 = 2

"$# �&%/*!,.- φE : φE = (p− 1)(q − 1)

= 3× 2 = 6

" A %!0$1�2$3 VA : VA = SA/φA
= 14.6/3 = 4.87

" B %�0$1�2$3 VB : VB = SB/φB
= 20.5/2 = 10.25

"$# �&%�0$1�2$3 VE : VE = SE/φE
= 6.1/6 = 1.02

" A % F - 4 : FA = VA/VE
= 4.87/1.02 = 4.79

" B % F - 4 : FB = VB/VE
= 10.25/1.02 = 10.085 - 4��76�8!9 ( : ) ;�9 3

% �<�>=*�?� NA@)B

4.2 z|{~}DC��FEHG �~�
9 5.9(p. 172) ;JILK$M�N	O �QP.RTS % 2 U)V�W 2$3�2$X 9�Y �QP B 9
Y �*�	Z 6�[ P �O�,��� %�\ � ; 5.3.2 � % (15)–(25) =!]�[L6 �QP B
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� � '�� ( *!,.- 0$1�2$3
F - 4

A 14.6 3 4.87 4.79

B 20.5 2 10.25 10.08# � 6.1 6 1.02�
41.2

9 3: ��� ��� O	��
L�76�[ P 9 ( : )
� 6�8 2 UJV�WTY�I)K	M�N	O �QP RTS 8�
H��� 5�� r O 2 �������/���

[�� 2$X O�Y�����[ B
ILK$M�N	O �QP 2 U)V�W 2$3�2$X�%��� �! �"�$# �&% B�����! 

5.3.A.4

"('*)�+-, µ̂ =
∑p

i=1

∑q
j=1

∑r
k=1

xijk

pqr

= 473.6
24

= 19.73

"�./+-, 0
– α̂1 = 148.2

8
− 19.73 = 18.53− 19.73 = −1.21

– α̂2 = 161.8
8
− 19.73 = 20.23− 19.73 = 0.49

– α̂3 = 163.6
8
− 19.73 = 20.45− 19.73 = 0.72

– β̂1 = 124.3
6
− 19.73 = 20.72− 19.73 = 0.98

– β̂2 = 107.6
6
− 19.73 = 17.93− 19.73 = −1.8

– β̂3 = 124.3
6
− 19.73 = 20.72− 19.73 = 0.98

– β̂4 = 117.4
6
− 19.73 = 19.57− 19.73 = −0.17

" '�� ( 0
– SA = qr

∑

i α̂i
2

= 4× 2× ((−1.21)2 + (0.49)2 + (0.72)2)

= 8× 2.22 = 17.78

– SB = pr
∑

j β̂j
2

= 3× 2× ((0.98)2 + (−1.8)2 + (0.98)2 + (−0.17)2)

= 6× 5.19 = 31.14
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" SA×B:
(α̂β)ij = x̄ij. − µ̂− α̂i − β̂j Y @ % Y
(α̂β)11 = x̄11. − µ̂− α̂1 − β̂1

= ((19.8 + 20.9)/2)− 19.73− (−1.21)− 0.98 = 0.85

(α̂β)12 � � (α̂β)34 ;����&= ��� @ P B
SA×B = r

∑

i

∑

j(α̂β)
2
ij

= 2× ((20.35− 19.73− (−1.21)− 0.98)2 + · · ·)

= 2× ((0.85)2 + · · ·)

≈ 10.21

" SE =
∑

i

∑

j

∑

k ε̂
2
ij.

≈ 57.83

� � '�� ( *!,.- 0$1�2$3
F - 4 F (0.05) F (0.01)

A 17.78 2 8.89 3.89 6.93

B 31.14 3 10.38 3.49 5.95

A×B 6 3.00 4.82# � 12�
23

5
� � 	 
 � � 
 � �

� � % � O��Q[ R$S � + , %��	\������$2	3$2	X ;�������� =��! P B
5.3.3(p. 174) ; 3 ULV�W&=�"�[	6$# ,�%!&  �')( 6 �+* O�8-, Z %�.�/021)3 Y 4 ��� �	� % RTS =��54�6�Y � P B

6 7 8 9:<; %=& Y�8 2	3T2	X� � % , � O � � �?>=@!O ��� P B Excel A % �� 9CB<DFE�; �<G � Y�H P B
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